The main tools in the theory of n-ary hyperstructures are the fundamental relations. The fundamental relation on an n-ary hypersemigroup is defined as the smallest equivalence relation so that the quotient would be the n-ary semigroup. In this paper we study neutral elements in n-ary hypersemigroups and introduce a new strongly compatible equivalence relation on an n-ary hypersemigroup so that the quotient is a commutative n-ary semigroup. Also we determine some necessary and sufficient conditions so that this relation is transitive. Finally, we prove that this relation is transitive on an n-ary hypergroup with neutral (identity) element.
Introduction
Hyperstructure theory was first studied by Marty in 1934 [20] . This theory has been studied in the following decades and nowadays by many mathematicians, for example see [2, 3, 5, 7] . A recent book [4] contains a wealth of applications. There are applications to the following subjects: geometry, hypergraphs, binary relations, combinatorics, codes, cryptography, probability, etc. The fundamental relation β (resp. β * ) was introduced on hypergroups by Koskas [18] and was studied mainly by Corsini [1] and Vougiouklis [23] [24] [25] . Also, the fundamental equivalence relation γ * was studied on hypergroups by Freni [15, 16] , Davvaz and Karimian [5, 7] .
Hyperalgebras and power algebras are pairs (A; (f i ) i∈I ) consisting of a set A and an indexed or non-indexed set of operations f i : A × · · · × A → P * (A) in the first and f i : A×· · ·×A → P(A) in the second case. Here P(A) is the power set of A and P * (A) = P(A)\∅. The general theory of hyperalgebras, poweralgebras, hypercoalgebras and power co-algebras can be studied as application of (F 1 , F 2 )-systems where F 1 and F 2 are appropriate set-valued functors [9] . There are applications in several branches of mathematics and in computer science. For instance, hyperalgebras are used to prove that any non-deterministic automaton is equivalent to a deterministic one. n-ary groups and n-ary semigroups are algebras with one nary operation which is associative and invertible (in the first case) in a generalized sense. The idea of investigations of n-ary algebras seems to be going back to Kasner's lecture [17] at the 53rd annual meeting of the American Association of the Advancement of Science in 1904. But the first paper concerning the theory of nary groups was written (under inspiration of Emmy Noether) by Dörnte in 1928 (see [10] ). Since then many papers concerning various n-ary algebras have appeared in the literature, for example see [13, 22] . The concept of an n-ary hypergroup is defined by Davvaz and Vougiouklis in [6] , which is a generalization of the concept of hypergroup in the sense of Marty and a generalization of an n-ary group, too. In n-ary hypersemigroup theory, strongly compatible equivalence relations play a role analogous to congruences in n-ary semigroup theory. Indeed, it is known (see [6] ) that if ρ is a strongly compatible equivalence on an n-ary hypersemigroup (H, f ), then we can define an n-ary operation f /ρ on the quotient set H/ρ such that (H/ρ, f /ρ) is an n-ary semigroup. If ρ is a relation on a set H, we denote ρ * as the transitive closure of ρ. Davvaz and Vougiouklis [6] introduced the relation β on an n-ary hypersemigroup H such that β * is the smallest strongly compatible equivalence relation such that the quotient (H/β * , f/β * ) is an ordinary n-ary semigroup, see also [19] . Also, Pelea and Purdea in [21] defined a relation α on a multialgebra. In this paper we define a certain relation γ on an n-ary hypersemigroup, which will be defined in Sec. 4 and prove that γ * is the smallest strongly compatible equivalence relation such that the quotient (H/γ * , f/γ * ) is a commutative n-ary semigroup. Also, we find some necessary and sufficient conditions so that the relation γ is transitive, that is, γ = γ * . Finally, we prove that in a cancellative n-ary hypergroup containing at least one weak neutral element the relation γ is transitive.
Basic Definitions and Facts
In this section we shall first explain what is meant by an algebraic hypersystem and then give several examples of familiar algebraic hypersystems and discuss some of their properties. These examples show that different algebraic hypersystems may have several common properties. This observation provides a motivation for the study of abstract algebraic hypersystems.
Let H be a non-empty set and f be a mapping f :
where H appears n ≥ 2 times and P * (H) is the collection of all non-empty subsets of H. Then f is called an n-ary hyperoperation and n is called the arity of this hyperoperation. An algebraic system (H, f ), where f is an n-ary hyperoperation defined on H, is called an n-ary hypergroupoid or an n-ary hypersystem. Since we can identify the set {x} with the element x, any n-ary groupoid is an n-ary hypergroupoid.
We shall use the following abbreviated notation: the sequence x i , x i+1 , . . . , x j will be denoted by x j i . For j < i, x j i is the empty symbol. In this convention
). In the case when y i+1 = · · · = y j = y the last expression will be written in the form f (x i 1 ,
will be denoted by f (k) . In certain situations, when the arity of m does not play a crucial role, or when it will differ depending on additional assumptions, we write
If the above condition is satisfied for all i, j ∈ {1, 2, . . . , n}, then we say that f is weakly associative (associative, respectively). An n-ary hypergroupoid with the (weakly) associative operation is called an n-ary hypersemigroup (H v -semigroup, respectively). An n-ary hypersemigroup (H, f ) in which for all a
has a solution x i ∈ H is called an n-ary hypergroup. 
An n-ary semigroup in which the last equation has a solution for any 1 ≤ i ≤ n and all a i−1
1 , a n i+1 , b ∈ H is an n-ary group. One can prove (see [22] ) that in this case the solution is unique. Moreover, as it is observed in [22] , an n-ary semigroup is an n-ary group if (2) is solved at the place i = 1 and i = n or at the place 1 < i < n. In [11, 12, 14] one can find other interesting characterizations of n-ary groups.
It is clear that for n = 2 we obtain a (binary) hypersemigroup, hypergroup, semigroup and group, respectively.
Note that n-ary hypergroups can be characterized in a similar way as n-ary groups. Below we present two such characterizations inspired by results presented in [22] and [12] (see also [13] ). Proof. Indeed, if it is solved at the place i = 1 and i = n, then for all a
which means that for 1 < i < n, Eq. (1) is solved by
Conversely, if (1) is solved at some place 1 < i < n, then for all a
Proposition 2.2. An n-ary hypersemigroup (H, f ) is an n-ary hypergroup if and only if for some a ∈ H and all b, c ∈ H there exists x, y ∈ H such that
Proof. If for some a ∈ H and all b, c ∈ H there are x, y ∈ H such that (3) holds, then also for some a ∈ H and all b, a
a , f(a n 1 )).
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Thus b ∈ f (a
a , a 1 ), a n 2 ). This means that Eq. (1) at the place i = 1 is solved by
a , x ). So, by Proposition 2.1, (H, f ) is an n-ary hypergroup. The converse statement is obvious.
Proposition 2.3. An n-ary hypersemigroup (H, f ) is an n-ary hypergroup if and only if for all
The proof is analogous to the proof of the previous proposition.
holds for all a n 1 ∈ H and fixed 1 ≤ i < j ≤ n. If this equation holds for all pairs (i, j) and all a
for all σ ∈ S n and all a n 1 ∈ H. In the sequel, the expression f (a σ (1) , . . . , a σ(n) ) will be written in the abreviated form as f (a
It is not difficult to verify that the following proposition is valid.
Proposition 2.4. Any (1, n)-commutative n-ary hypersemigroup satisfies the identity
The last identity means that we obtain the same result if the hyperoperation f will be applied to the matrix [x ij ] n×n (from left) to rows and (from right) to columns.
An n-ary hypersemigroup (H, f ) is weakly i-cancellative, if there exist elements a 2 , . . . , a n ∈ H such that
for all x, y ∈ H. If this implication is valid for all i = 1, 2, . . . , n, then we say that (H, f ) is weakly cancellative and elements a 2 , . . . , a n are called cancellable. An n-ary hypergroupoid in which this implication holds for all a 2 , . . . , a n ∈ H is called i-cancellative. An n-ary hypergroupoid which is i-cancellative for every i = 1, 2, . . . , n is called cancellative.
The cancellativity in hypersemigroups is characterized by the following proposition proved in [8] .
Proposition 2.5. An n-ary hypersemigroup is cancellative if and only if it is i-
cancellative for i = 1 and i = n, or equivalently, if and only if it is i-cancellative for some 1 < i < n.
Any n-ary group is cancellative but there are n-ary hypergroups which are not cancellative.
Example 2.6. Let H = {a, b, c} be a set with a commutative ternary hyperoperation f defined as follows:
It is easy to see that (H, f ) is a commutative ternary hypergroup. It is not cancellative because
f (a, c, b) = f (c, c, b) = b. Similarly, f (b, b, a) = f (b, b, c) = {a, c}, but a = c.
Neutral Elements
An n-ary hypergroupoid (H, f ) has a weak neutral element (weak identity) if there exists an element e ∈ H such that
e , x, (n−i) e ) holds for all x ∈ H and all 1 ≤ i ≤ n. If for all x ∈ H and all 1 ≤ i ≤ n, we have
e , x,
then e is called a neutral element. Obviously, each neutral element is weak neutral but not conversely. is a commutative hypersemigroup with the identity e. So, (H, f ), where f (x, y, z) = x • y • z, is a commutative ternary hypersemigroup and e is its neutral element. Elements a and b are weak neutral but they are not neutral.
In the ternary hypergroup defined in Example 2.6 we have two neutral elements: a and c. The third element is weak neutral. Example 3.2. Let Z 4 be the additive group of order 4 and let H = Z 4 ∪ {θ} and x n 1 ∈ Z 4 . Define the commutative n-ary hyperoperation f as follows:
Then (H, f ) is a commutative n-ary hypergroup. For n = 3 it has two weak neutral elements 1 and 3, for n = 4 it has only one weak neutral element 2, for n = 5 it has no weak neutral elements. There are n for which the commutative n-ary hypergroup has no neutral element.
Fixing in an n-ary hyperoperation f elements a 2 , . . . , a n−1 we obtain a binary hyperoperation x • y = f (x, a n−1 2 , y). Choosing different elements a 2 , . . . , a n−1 we obtain different binary operations. Such obtained hypergroupoids are called retracts of (H, f ). Obviously retracts of an n-ary hypersemigroup are hypersemigroups, retracts of an n-ary hypergroup are hypergroups.
As a consequence of Proposition 2.2 we obtain the following characterization of n-ary hypergroups. This example shows that retracts induced by weak neutral elements may not be isomorphic. ) is an isomorphism of (H, ) onto (H, •). Indeed,
Hence ϕ is a homomorphism. It is also an endomorphism since for every z ∈ H there
), whence multiplying this equality by (n−2) e 1 (on left) and by
e 2 (on right), we obtain x = y. This means that ϕ is an isomorphism. 
for all x n 1 ∈ H.
Proof. Let e be a weak neutral element of (H, f ). Then (H, •), where x
e , y), is a binary hypersemigroup and ϕ k (x) = f (
e , x)). Consequently
e , x)). Whence in view of the associativity of f we obtain
e , x 4 )),
e , x n−1 )), f(
e , f( (2) e , x 3 ,
e , f( (3) e , x 4 , e , x n−2 , (2) e ), e , x n−1 , e), (n−2) e , x n )
which completes the proof.
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Corollary 3.8. If an n-ary hypersemigroup (H, f ) has a weak neutral element, then there exists a binary hypersemigroup (H, •) and its weak endomorphism ϕ such that
Proof. Let (H, •) and ϕ k be as in the previous proof. Then ϕ k (x) ⊆ ϕ n−1 (x) • e = ϕ(x) for every x ∈ H and k = 2, . . . , n − 1. Since ϕ is a weak endomorphism of (H, •), from (4) we obtain (5).
For n-ary hypersemigroups having neutral element the following stronger results is proved in [8] .
Theorem 3.9. An n-ary hypersemigroup (H, f ) has a neutral element if and only if there exists a binary hypersemigroup (H, •) such that
An n-ary hypersemigroup (H, f ) having the above form is called derived from a hypersemigroup (H, •).
The hyperoperation "•" used in (6) has the form
e , y), where e is a neutral element of (H, f ). This means that the following corollary is true. 
Corollary 3.10. Any (1, n)-commutative n-ary hypersemigroup containing a neutral element is a commutative n-ary
which proves that the set E is closed under the hyperoperation f . Thus (E, f ) is an n-ary semigroup contained in (H, f ).
Since for every k = 1, 2, . . . , n, the equation
is solved by
e n , . . . , Definition 4.2. Let (H, f ) be an n-ary hypersemigroup. An equivalence relation ρ on H is strongly compatible if
If ρ is a strongly compatible relation on an n-ary hypersemigroup (H, f ), then the quotient (H/ρ, f /ρ) is an n-ary semigroup such that
for all x ∈ f (a 1 , . . . , a n ), where a 1 , . . . a n ∈ H and ρ(a i ) is an equivalence class of a i .
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Example 4.3. Let (H, f ) be the commutative ternary hypergroup defined in Example 2.6. The relation , a), (b, b), (c, c), (a, c) , (c, a)} is strongly compatible on (H, f ) and H/ρ = {ρ(a), ρ(b)} with a ternary operation f/ρ defined by
is a commutative ternary group isomorphic to the ternary group (Z 2 , g), where g(x, y, z) = (x + y + z)(mod 2). This ternary group has two neutral elements.
Definition 4.4.
Let γ be the transitive closure of the relation γ = k≥0 γ k , where γ 0 is the diagonal relation on H, i.e., γ 0 = {(x, x) | x ∈ H} and γ k for k > 0 is defined as follows:
The following example proves that the relation γ is not transitive in general. H = {a, b, c, d, . . .} has at least four elements and define on H an n-ary (n ≥ 3) hyperoperation f by putting Proof. First we show that the quotient H/ γ is an n-ary semigroup. The n-ary operation f / γ on H/ γ is defined in the usual manner: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Example 4.5. Assume that
for all y ∈ f ( γ(x 1 ), . . . , γ(x n )). Moreover, since f is associative, also f / γ is associative and consequently, (H/ γ, f / γ) is an n-ary semigroup.
(
Now, let θ be an equivalence relation in H such that H/θ is a commutative n-ary semigroup. Denote by θ(a) the equivalence class of a. Then
for all x 1 , . . . , x n ∈ H and y ∈ f (θ(x 1 ), . . . , θ(x n )).
But also, for every σ ∈ S n , x 1 , . . . , x n ∈ H and
But θ is transitively closed, so
Hence, the relation γ is the smallest equivalence relation on H such that H/ γ is a commutative n-semigroup, i.e., γ = γ * .
Transitivity Conditions for γ
In this section, we determine some necessary and sufficient conditions so that the relation γ is transitive. We consider the following definition:
Definition 5.1. Let M be a non-empty subset of an n-ary hypersemigroup (H, f ). We say that M is a γ-part of (H, f ) if for every k ∈ N, m = k(n − 1) + 1 and
Proposition 5.2. For a non-empty subset M of an n-ary hypersemigroup (H, f ) the following conditions are equivalent:
2 be such that x ∈ M and xγ * y. Then for some
Since for every σ ∈ S m and every y ∈ f (k) (z σ(m) σ(1) ) we have xγy, thus xγ * y. This, by
For every element x of an n-ary hypersemigroup (H, f ) we define the following three sets:
Lemma 5.4. P σ (x) = {y ∈ H | xγy}.
Proof. Indeed, xγy if and only if
σ (1) ) for some (x 1 , . . . , x m ) ∈ H m and some σ ∈ S m , or equivalently, if and only if y ∈ P k (x) for some k ∈ N, i.e., if and only if y ∈ P σ (x). 
Proof.
(1) ⇒ (2) By Lemma 5.4, for every pair (x, y) of elements of H we have:
(2) ⇒ (3) According to Proposition 5.2, a non-empty subset M of H is a γ-part of (H, f ) if and only if it is a union of equivalence classes modulo γ * . In particular, every equivalence class γ * (x) = P σ (x) is a γ-part of (H, f ).
Proposition 5.7. If an n-ary hypersemigroup (H, f ) has a weak neutral element
and an arbitrary non-empty subset M ⊆ H.
Proof.
If e is a weak neutral element of (H, f ), then, as it is not difficult to verify, ε = ϕ(e) = γ * (e) is a neutral element of (H/γ * , f/γ * ). Moreover, for every The relation γ is a generalization of the relation β defined in [6] and [19] as the set-theoretic union of relations β k , k ≥ 0, where β 0 is the diagonal relation and xβ k y ⇐⇒ {x, y} ⊆ f (k) (a It is clear that in a commutative n-ary hypersemigroup γ = β, and consequently γ * = β * , where β * denotes the smallest equivalence relation such that H/β * is an n-ary semigroup. The last identity holds also in some non-commutative n-ary hypergroups, for example in n-ary hypersemigroups admitings some "partial commutativity". 
